Various schemes of producing the 3.5-eV isomer of 229ruTh by radiative pumping the atom of 229Th in the ground state are considered. Due to the resonance properties of the electron shell, some of the schemes turn out 1o be more effective than radiative pumping the bare nucleus of the same element. (~)
Introduction
Study of the unique low-energy (3.5 + 1.0) eV isomer of 229Th [1,2] is of great interest from many viewpoints (see e.g. Refs. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] and references cited therein). At the same time, for application of the 3.5-eV isomer of 229Th one needs first of all much more precise knowledge of its properties, such as the separation energy of the doublet states, and the electromagnetic strength of the transition. Specifically, for many possible laser applications, the present corridor for the separation energy is too large in comparison with the line widths of modern lasers, which can be 1 Hz and even less.
Study of the properties of the isomer also requires practical methods of producing the source in enough quantities. In a decay of 233U, the isomeric yield of Th nuclei is of the order of 10%. This way of getting the isomeric source has been used in experiments [11] [12] [13] [14] . The isomeric nuclei, however, undergo the radiative transition to the ground state with a lifetime of 1 to 50 hours [5, 6 ,10], which precludes collecting considerable amounts of the isomer.
A much more attractive way lies in the use of a pure 229Th source. The lifetime of the e29Th nuclei in the ground state is about 7000 years, which allows one to collect enough quantities of the nuclide. The isomeric state can be populated e.g. by resonance laser radiation [4, 5, 3, 8, 9] . In principle, this way even allows one to reach an inverse population of the levels [ 5 ] . It is, however, still important to clarify the role the electron shell plays in this method, as well as in other schemes proposed in the above references. On one hand, the shell screens the nucleus from the outer fields. But it can work as a resonator, if there is an electron transition with energy close to the nuclear one. Interplay of these two ways of things is studied in detail in Sections 2 and 3. For this purpose, various mechanisms of the nuclear excitation by resonance laser radiation have been considered in detail in Sections 2 and 3. Their cross-sections are calculated and compared to that for a bare nucleus. It is surprising to a certain extent that direct resonance pumping of the neutral atom turns out to be ineffective. Some more complicated schemes, however, hit the purpose. Corresponding cross-sections happen to be many times higher than that for a bare nucleus. Magnetic interaction of the electrons with the nuclei can also be used for excitation of the isomeric state. Consider the collision of a one-electron atom in the 1 s state with a lead target nucleus. The electron produces a tremendous magnetic field in the vicinity of the nucleus. Prompt removing of the electron in the collision induces a related change of the potential, giving rise to the shake effects in the system [ 16] . The effects can manifest themselves via excitation (shake-on) or disintegration of the system (shake-off). The probability of excitation of the 3.5-eV isomer brought about by sudden ionisation of the electron shell is considered in Section 4. This method is considered with respect to application to the muonic atoms. Results obtained are marvelous: the isomeric yield turns out to be practically 100%, that is an isomeric atom is obtained per every muon in the primary beam! The results obtained are summed up in Section 6.
Excitation by laser radiation
The Feynman graph of photoabsorption by a nucleus is given in Fig. la . The crosssection for photoexcitation of a single nuclear level is given by the following formula:
Here re = 1/137 is the fine structure constant, ~-L is the type (electric, magnetic) and multipole order of the transition, B(rL; 0 --+ w) is the reduced probability of the radiative nuclear transition from the ground state to the excited one with the energy o9~, and F is the total nuclear width. Through the detailed balancing principle, the reduced electromagnetic strength also determines the radiative width of the reverse nuclear transition from the excited to the ground state, F(~n)(o9 ~ 0). It is didactic to perform further calculations in terms of the radiative width and internal conversion coefficients (ICC). The expression for the radiative transition probability (Fig. lb ) reads as follows:
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where I0 and 10, stand for the nuclear spins in the ground and excited states, respectively. For simplicity, we suppose that the spectral width of the line of a laser is much greater than the width of the corresponding nuclear or atomic line. Taking into account Eqs. (3), (4), expression (1) for the absorption of the resonance radiation may then be presented in the following form:
where S(og) is the spectral density of the incident laser radiation. Let the line width of the laser be AE ,-~ 10 -5 eV, and the nuclear lifetime with respect to the radiative nuclear transition: ,~ = 1/F~ n) ~ 50 hours. Then S(og) .~ (AE) -1 105 eV -l, and we arrive by means of Eq. (5) at the cross-section for pumping the isomer trz,(o9) .~ 170 millibarn.
It is convenient to express D(og) in terms of the radiative width of the reverse transition. Comparing Eqs. (5) and (2), we get
In the presence of the electron shell, higher order resonance transitions involving the shell play an important role [17] [18] [19] [20] . The basic idea in the present approach is to exploit a well-known process of NEET (Nuclear Excitation in Electron Transition) [21] , and J Relativistic units h = c = 1 are used throughout the paper. its reverse, which we call TEEN. NEET appears thus as a tool for transferring energy through the shell to the nucleus. Conversely, TEEN can be used as a trigger, for prompt release of the energy stored in nuclei [ 19, 8] . It is essential that resonance properties of the electron shell are exploited in these processes. Effective resonance arises in the case of close frequencies of the nuclear and electron transitions. Such a situation is known in many nuclei: 197Au, 179Os, 237Np, 235U, and others (see e.g. Refs.
[4-10] and references cited therein). Appropriate use of the resonance allows one to manipulate the rate of the nuclear processes [ 3 ] . Note that nonradiative transitions are also known in muonic atoms [15] . The simplest graph of nuclear photoabsorption via NEET is presented in Fig. 2a . The partial nuclear lifetime in the excited state (Fig. 2b) is also diminished due to the TEEN process. It essentially differs from the well-known mechanism of the electron bridge given in Fig. 2c . In the latter case, the transition would be much stronger because of the electric dipole vertex corresponding to the radiative deexcitation 8s-7p.
The expression corresponding to the radiative width of Fig. 2b can be given as follows:
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In Eq. (7) we introduced a notation F(~ a) and widths, respectively, oed is a dimensional analogue of internal conversion coefficient (ICC). It is defined by means of the same formulae as usual ICC, but has dimension of energy [ 3] . Now the expression for the cross-section corresponding to the graph of Fig. 2a can be obtained by mere substitution of expression (7) for Fr(2b) into Eq. (3) instead of F~ n). Then one arrives at the following expression for the ratio of the photoexcitation cross-sections through the electron shell to that for the bare nucleus:
where F(~a)(np --+ 7s;ran) is the partial radiative width of the np --+ 7s transition, calculated at the energy ran.
One can try to further enhance the amplitude of Fig. 2a by replacing the M 1 atomic radiative vertex with the much stronger electric dipole vertex. Thus we come to the graph of Fig. 3a for the nuclear excitation, and Fig. 3b for the radiative width of the related reverse process. The latter transition in fact occurs in the atom with the excited electron shell in the 7p state. The energy of the absorbed laser photon rat is equal to the nuclear energy plus the excitation energy of the atom in the final state, that is 7p-Ts transition:
The corresponding cross-section and radiative probabilities can be calculated by means of the above formulae, replacing 7s and 8s states by the 7p and 8p ones, respectively. Explicitly, we arrive at the cross-section ratio R expressed as follows:
A much stronger contribution comes in this case from a diagram of Fig. 3c , where interaction of the shell with the laser field and the nucleus is performed in the reverse order. After transferring energy tOn to the nucleus, the electron goes to an intermediate state with an energy which is thus always below the real level. In this respect, strictly speaking, the electron shell is not put into a resonating state. The resonance condition is only fulfilled for the energy of the final electron state.
A strong enhancement, however, arises from the fact that the conversion transition occurs between the s states (7s-7s). In this case, as one can see from Table 1 , the corresponding aa values are by about three orders of magnitude higher than for a transition between p states, such as 7p-7p etc. This is due to the very small probability of the localisation of the 7p electron near the nucleus, as its wavefunction is zero at the origin [7] . The conversion factor R is given by the same formula (9), with the above modification of the energy of the intermediate state and conversion coefficient aa:
where a,a is the energy of the intermediate electron state in Fig. 3c , if different from the 7s state.
Another way of the nuclear excitation based on the two-photon radiative mechanism is shown in Fig. 4 . There is no resonance restriction on the energy of the incoming photon in this amplitude, which would require knowing the nuclear energy, at present not available. The outgoing photon carries away excessive energy brought by the laser photon. The corresponding additional electromagnetic vertex thus arises as a necessary price one has to pay for fulfilling conservation of energy.
To calculate this diagram, let us consider the more detailed graph of Fig. 4b , where explicit allowance is made of the finite lifetime of the isomeric nuclear state, which decays emitting a 3/quantum with energy to". Analogously to Eq. (1), for a monochromatic incident photon w', the expression for the cross-section of the process may be presented as follows:
(tO, -+ ( /2 ) ' The coefficients and the widths are calculated for a transition energy of 3.5
where F (NEET;4b) is the partial width of the atomic decay of channel:
eV (see text).
the 8p state via the NEET
and D(a)(o);7s ~ 8p) in Eq. (13) is obtained from Eq. (6) by replacing the nuclear radiative width by the atomic one, taken for the transition energy ~o:
77" 2 F(a)
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The energies of the photons are related by conservation of energy: ca r = ca" + cam. 
(15)
We thus factorised the expression into the nuclear cross-section and the acceleration factor R related to the electronic structure of the atom. Supposing the branching factor /'(r a) (8p ~ 7s; cot)IF (a) (8p) to be of the order of unity, with account of Eq. (6), the acceleration R factor may be essentially reproduced as follows: R~ = ad(8p ~ 7p) F(ra) (7p --* 7s; co8p_7s -COn) In the second case, the laser frequency is to be chosen as wt = ton + tO7p-7s, whose precise value is again not yet available. In this case, analogously to Eq. (14), we arrive at the following expression for the cross-section:
and for the corresponding conversion factor R~':
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The latter expression coincides with Eq. (9), as expected. Finally, consider the graph of Fig. 5a . Making use of the more detailed graph Fig. 5b , we get an expression for the cross-section:
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The cross-section of Eq. (22) has a very transparent structure. It can be represented as follows:
where o'{ra)(7s --+ 8p) is the cross-section of the atom photoexcitation 7s --+ 8p, and Prq~ET(8p ~ 7S) is the NEET probability of the subsequent electron transition:
PNEET(Sp ---+ 7S) = erd_r "(n)/2rr (oJn --OJTs-8s) 2 + (F{a)(8s)/2) 2"
As expected, the latter expression coincides with that obtained in Ref.
[5] in another way.
The numerical value and the nature of the accelerating factor R immediately follows from Eq. (23). Our gain is as large as the ratio of the atomic-to-nuclear photoabsorption cross-sections, times the NEET probability of the subsequent electron transition:
Substituting Eq. (24) into (25), we obtain the factor R5 in the following form:
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The latter expression can be further simplified by omitting branching ratios and other factors of the order of unity: era (7S-8S) V~ a) (8p-7s; wt) R5 = 2¢rA2 (27) 
Results of the calculation
Results of the calculation for the ICC, radiative widths are summarised in Tables 1  and 2 . The calculations have been made within the framework of the self-consistent Fock-Dirac method by use of the package of the computer codes [23, 24] . For the electric dipole transitions, the radiative widths are calculated in the length gauge, because only this gauge provides a correct long-wavelength limit, when the widths are proportional to the transition energy to 3, and can be expressed in terms of the nonrelativistic matrix element of the transition operator rLYLM. In the other gauges, the widths are not proportional to to 3 [25] . In Table 1 , the ICC, radiative widths and the transition energies are presented for the M1 transitions. The magnetic transitions are gauge invariant. For the present purposes, we only need the radiative M1 widths for the 7s ~ 8s transitions.
In Table 2 , the radiative dipole transition rates, with the resonance energies are listed for neutral atoms and for one-and two-fold ions of Th. The ICC and Table 1 , we find for the neutral atom of Th: d = 0.06 eV, R (2a) = 0.0065 for the chain of transitions 7s --* 8s --~ 7s, and 0.0024 for the chain 7s ---* 7s --+ 7s. Or, summing coherently the amplitudes of the process, we arrive at the total magnitude of the effect R (2a) = 0.017. In this simple mechanism, the electron shell happens not to be an effective resonator!
Figs. 3a and 3c. For the graph of Fig. 3a , the enhancement factor R can be calculated Table 4 Resonant laser frequency tot, resonance atomic frequency too, and enhancement factor R for the mechanism presented by Fig. 4 Transition wt, eV too, eV R by means of Eq. (9). The laser frequency is the sum of the nuclear frequency plus excitation energy of the atom in the final state: tot = ton + toa. The results are presented in Table 3 . Note that the discrete conversion coefficients ad for the transitions with different values of the total electron angular momentum j turn out to be less than those with the same values of j by an order of magnitude. As a result, contributions from these transitions are much smaller. As one can see from Table 3 , the dominant contribution comes from the 7pl/2 level as intermediate and final states of the excited atom. Indeed, the enhancement factor is greater than unity now: R ~ 40, as was expected, due to the allowed electric dipole vertex in the interaction of the atom with the electromagnetic field of a laser.
7s-8pu2-7pu2-7s
The results for the graph of Fig. 3c are presented in the same table. As it was expected, the R factor is much greater in this case. Fig. 4a . Here we only have to calculate R~ as given by Eq. (16). We need not calculate R~' given by Eq. (18), as the corresponding contribution becomes equal to the one which is given by Fig. 3a . For Rt4a , only two possibilities can be conceived for a neutral atom: 7s-8p3/2-7p3/2-7s and 7s-8pl/2-7pl/2-7s. Here, the intermediate 8p state cannot be replaced by a 7p one, because both 7pl/2 and 7p3/2 states have energies below 3.5 eV, the supposed energy of the isomeric state. The results are presented in Table 4 . In this case, the laser frequency tot = toTs-8p is equal to the resonance frequency of photoexcitation of the atom to the 8p state. The frequency of the scattered photon to'" = tot -ton, and the atomic resonance frequency too --to"' are both equal to the excitation energy of the 7p state of the atom tO7s_7p in the second intermediate state. Fig. 5a . In this case, as in the previous one, the laser frequency wt = ~Ovs-Sp is equal to the resonance frequency of photoexcitation of the atom to the 8p state. The frequency of the scattered photon w'" = wt -wn also remains the same, only the order of emission of a photon with energy w'" and nuclear excitation is inverted. A consequence, however, is that for the graph of Fig. 5 , the nuclear excitation occurs in the 7s-8s electronic transition, for which transition the ICC ad are maximal. The latter circumstance is due to the fact that the wavefunction at the origin is proportional to r t, and, therefore, is maximal for the s states. (Erroneously, in papers [26] the conversion in the 6d state has been taken into account instead of the 7s shell. This error led to an underestimate of the effect considered by three orders of magnitude. The latter question is considered in finer detail in Ref. [7] ). Let us consider two chains of electron transitions, 7s-8p ½-8s-7s and 7s-8p 3-8s-7s.
From Table 2 , we find the corresponding laser frequencies: tot = 3.94 and 4.06 eV, and the radiative widths corrected for the actual transition energies [3]: F(~ a) (8p~7s; tot) = 2.57.10 -l° and 4.62.10 -9 eV, respectively. Substituting these values into Eq. (27) , with the value of ad = 1.66. 101° eV from Table 1 , we obtain an estimate A = 0.06 eV, resulting in the R5 values of R5 = 3.39.103 and R5 = 132 for the chains of transitions through the 8p 3 and 8p ½ states, respectively. It is a pleasure for the authors to note that this mechanism first proposed in Ref.
[ 3 ] turns out to have the absolutely largest cross-section, in comparison with others considered previously, thus passing a very critical test. Moreover, the undoubted merit of the mechanism is that it needs no knowledge of the energy of the nuclear isomeric state. Conversely, the latter can be obtained from experiment, along with the electromagnetic strength of the transition between the ground state and the isomeric nuclear state. It is remarkable that a pumping cycle through the 8p 3 state turns out more preferable on the basis of the present, more general consideration. Within the scope of paper [ 3 ], the other cycle through the 8p ½ state looked more efficient, although the latter cycle remains sufficiently effective, and retains all the other merits of the mechanism of Fig. 5 . For the one-and two-fold ions, the most important change is that of the transition energies, and the related increase of the laser frequency, as follows from Tables 1 and 2 . Radiative widths and ICC do not change so drastically, within tens of a percent, which seems not to be important at the present stage of experimental investigation.
Shake excitation in heavy ions
A Feynman graph of the process of ionisation of the electron shell of an incoming atom in collision with the target atom is presented in Fig. 6a . The amplitude of the process can be expressed as Is "~ p' . p
¢)
Is.
/ . Here F~ n) is an elementary amplitude of the virtual process of reverse conversion in the incoming atom. In the process, an electron is "promoted" from the 1 s to an excited state n. The energy is, however, transferred from the electron to the nucleus, so that the "converted" electron goes down below the mass shell (cf. Fig. 3c ). Then the electron is knocked out in collision with the target nucleus, which causes the ionisation. Fi(o~ ) is just the ionisation amplitude of the atom from the nth state by the external Coulomb field of the target nucleus. The conversion probability is known to be proportional to 10,(0)12 1/n 3 (Ref. [22] and Eq. (32) below), so that the series (28) converges rapidly. In fact, account of the single l s state in the spectral representation of the electron propagator in series (28) is sufficient for the present purposes. As a result, the amplitude of the process acquires the following form:
Fsh = F(lS)F(is) "ion (29) En
This should not be confused with the amplitude of Fig. 6b . In the latter case, the fast ionisation electron excites the nucleus by its Coulomb field. For the M1 nuclear excitation, the probability of the latter process is much less.
Expressing the conversion width in terms of the ICC and the radiative nuclear width, we obtain from Eq. (27) the following expression:
The shake-on probability is obtained from Eq. (28) by dividing by the ionisation probability per unit time /'ion, the Feynman graph of which is presented in Fig. 6b . As a result, the ionisation probability is cancelled in the ratio
The ICC for the ls --* ls transition can be obtained with the relativistic Coulomb wavefunctions, as electron screening is negligible for the ls state, by means of the following formula (see e.g. Ref. [22] ):
with the population number of the initial ls shell NK, and the radial wave function ~p(r). The latter expression is proportional to the electron density at the nucleus in the initial and final states, which are proportional to I¢(0)[ 2 ~ n -3. Therefore, the other states can be neglected, apart from the ls states for both the initial and final electrons. By straightforward calculation, one arrives at the following expression:
2 c~" 17 4 ( | -,)/2 ) tea(M1; Is ---, ls) = 3 ~o 3 9/2(27 -1) 2 '
which results in the numerical value c~a(M1; ls ~ ls) = 1.33 • I013 MeV. This leads to the excitation probability of the isomeric nuclear state of 6.72.10 -4 per removed ls electron. We note that if both ls electrons are removed consecutively, there is a chance for the nucleus to be excited at every step. Therefore, the probability found above doubles, achieving 1.34.10 -3 per atom.
We note that for a muonic atom, IO(0)[ 2 ,-~ rn 3. On the other hand, the magnetic moment of the muon is less than the electron one by m,/me. Therefore, in this case one should expect the shake-on probability to be greater by (rn/,/me) 4, which directly follows Eq. (33). There are two strong effects: static and dynamic ones, arising in muonic atoms due to the finite nuclear size, which reduce the M1 ICC by about three orders of magnitude for the atoms with atomic numbers Z ~ 90 [29] . Nevertheless, we still arrive at an estimate for the excitation probability in disintegration of the muon in the orbit, which turns out to be of the order of unity. Such a high probability is due to the uniquely small energy of the isomer, as the probability is inversely proportional to the energy cubed. Otherwise, if the transition nuclear energy is about 10 keV or more, as is usually the case, one immediately finds that the excitation probability reduces to a value of the order of 10 -6 only. Qualitatively, the latter value is close to the calculation [27] of the excitation probabilities of the monopole E0 nuclear states in the muon decay in the orbit, as it should be expected on physical grounds.
About experimental proposals for discovering NEET in spin-flip transitions in H-like ions 229Th89+
The effect of the excitation of the 3.5eV isomer in 89-fold hydrogen-like 229Th89+ ions may be discovered by measuring transition rates between hyperfine structure components. It was noted in Ref.
[ 10] that due to an extremely low energy, the hyperfine interaction arising in the H-like ions of 229Th can mix nuclear states of the same parity, but differing by one unit of spin. Such mixing leads to a drastic effect of acceleration of the nuclear deexcitation from the isomeric state [6] . This occurs via spin-flip of the orbital electron, just as transitions between normal components of the hyperfine structure. To better realise the effect, one can imagine a neutral atom of 229ruTh with an excited nucleus. Its lifetime is hours, as mentioned before. If, however, all the electrons are stripped but one, or merely a hole is produced in the K shell, the nucleus gets deexcited promptly ! This mechanism of acceleration may be compared to acceleration of interband transitions arising due to Coriolis mixing. A relevant experiment could be conceived at GSI, in Darmstadt, where hyperfine structure of 2°9Bi has been recently measured [28] . Efforts should be made to detect the energies and lifetimes of the transitions. Then the four values: B (M1), Eisorn, magnetic moments /xl and it2 in the ground and excited states, are unambiguously determined by the experimentally observable lifetime of any of the transitions involving the F = 2 component, and three energies of the excited hyperfine components (with respect to the ground level with F = 2). The theory, and some possible ways of realising the experiment are described in detail in Ref. [6] .
Conclusion
The main results of the present consideration can be formulated as follows: (1) In certain cases of resonance, the electron shell is really able to work as a very efficient resonator which significantly enhances the interaction of the nucleus with an externally applied laser field. (2) It may be concluded that most feasible for experimental study is the mechanism based on the NEET process in the 7s-8s electronic transition (Fig. 5a ). In this case, the enhancing factor R reaches four orders of magnitude.
(3) A new effective process for the excitation of the isomeric level has been found. This is shake up arising in muon decay in the orbit. The probability of excitation of the isomer in this case turns out to be of the order of unity. This effect may become a most effective tool for pumping the 3.5-eV isomer in 229Th. A corresponding experimental study can be performed in the meson factories LAMF, TRIUMPH, PSI Villigen, Pakhra in Moscow.
(4) The hyperfine interaction in 89-fold hydrogen-like 229Th89+ ions causes drastic acceleration of the nuclear deexcitation from the isomeric state. This effect can be used for experimental discovery of isomer excitation in the NEET process via spin-flip transitions. Additionally, full spectroscopic information about the ground and isomer levels will be obtained, and a new effect of the nuclear spin mixing discovered in such an experiment.
